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1. Introduction
For abelian groups A and G , we set G∗ = Hom(G, A), and deﬁne a map δG : G → G∗∗ by
δG(g)(α) = α(g). The group G is A-reﬂexive if δG is an isomorphism. Warﬁeld investigated A-reﬂexive
groups in case that A is a subgroup of Q [11]. Although more general choices for A were considered
by several authors, for instance in [2,8,9], all of these discussions involved torsion-free groups only.
Mixed groups were investigated for the ﬁrst time when the second author discussed Warﬁeld duali-
ties induced by the functor Hom(−, A) : Ab → Ab for a mixed abelian group A [5]. We continue this
discussion in this paper by considering a mixed group A such that r0(A) = 1 and rp(A)  1 for all
primes p.
Theorems 4 and 6 reduce the problem of determining whether a given group G is A-reﬂexive
to the case that A and G are self-small. This case is then addressed in Theorem 11. Finally, Exam-
ple 13 demonstrates important differences between A-reﬂexive groups of ﬁnite torsion-free rank in
the general case and in the case that A is self-small.
The torsion subgroup of an abelian group A is denoted by the symbol T (A), its p-components
by Ap , and A/T (A) by A. Let S(A) = {p ∈ P | Ap = 0}. A group G is S(A)-reduced if it has no
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self-small), then G = (⊕p∈U Gp) ⊕ G(U ) whenever U is a ﬁnite set of primes. In general, G(U ) is
unique only up to isomorphism. However, if G is p-divisible for all p ∈ U , then G(U ) is the unique
complement of TU (G) =⊕p∈U Gp . We recall that a group G is A-cogenerated if G embeds in a power
of copies of A. This is happen if and only if the evaluation map δG is a monomorphism. Any un-
explained notations can be found in [3,6], while [1,4] are good sources for the basic properties of
self-small groups.
2. Reduction theorems
In the following all groups will be abelian. Moreover, A will be a reduced mixed group, which
has torsion-free rank 1, and whose p-rank rp(A) = dimZ/pZ(A/pA) is at most 1 for all primes p.
Since Ap has to be cyclic in this case, it is a direct summand. Write A = Ap ⊕ A(p), and denote the
projection A → Ap with kernel A(p) by πp . In particular, A(p) = pA(p) whenever Ap = 0 since oth-
erwise rp(A) > 1. Thus, A(p) is fully invariant, and Ap has a unique complement. Moreover, A/T (A)
is divisible for all primes in S(A).
The maps {πp | p ∈ S(A)} induce a homomorphism μ : A →∏p∈S(A) Ap such that μ|T (A) = 1T (A) .
Because A is S(A)-divisible, μ(A) is an S(A)-pure subgroup of
∏
p∈S(A) Ap . If μ(A) = T (A), then
A = T (A) ⊕ B where every p-component of T (A) is cyclic and B is a rank 1 torsion-free group with
B = pB whenever Ap = 0. In this case, G is A-reﬂexive if and only if G = T (G) ⊕ H , where T (G) is
T (A)-reﬂexive and H is B-reﬂexive. Since this case has already been discussed in [11], we concentrate
on groups A with μ(A) = T (A). For such a group A, μ is injective. In particular, A is an honest
mixed group, i.e. T (A) is not a direct summand of A. In the following, we shall assume that A is
honest.
Select a ∈ A of inﬁnite order. We can view A as an S(A)-pure subgroup of ∏p∈S(A) Ap in the sense
that there exist a ∈∏p∈S(A) Ap and a subgroup B of Q containing Z such that A = ρ−1(Ba), where
ρ :
∏
p∈S(A)
Ap →
( ∏
p∈S(A)
Ap
)
/T (A)
is the canonical epimorphism and a = a + T (A). The pair (A,a) induces three characteristics:
• (mp), where Ap ∼= Z(pmp ),
• (kp), where kp = ord(πp(a)) for all p; and
• the characteristic of 1 in B .
Lemma 1. If G ∼= H∗ for some group H, then
(a) Gp is bounded, and G/T (G) is p-divisible for all primes p ∈ S(A);
(b) Gp = 0 if Ap = 0; and
(c) G can be embedded as an S(A)-pure subgroup in
∏
p∈S(G) Gp.
Proof. (a) Let Ap ∼= Z(pmp ). Since A(p) is a p-divisible group and G ∼= Hom(H, Ap) ⊕ Hom(H, A(p)),
we obtain Gp ∼= Hom(H, Ap) ∼= H/pmp H . In particular, Gp is bounded, and G = Gp ⊕ G(p). Since
G(p) ∼= Hom(H, A(p)) is p-divisible for all p ∈ S(A), G/T (G) is S(A)-divisible.
Since (b) is obvious, we turn to (c). Because the map
Hom(H,μ) : Hom(H, A) → Hom
(
H,
∏
p∈S(A)
Ap
)
is one-to-one, G is S(A)-reduced since it is isomorphic to a subgroup of the S(A)-reduced group∏
p∈S(A) Hom(H, Ap) ∼=
∏
p∈S(A) H/pmp H .
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torsion-free. If g ∈ G satisﬁes qg ∈ K for some q ∈ P and  < ω, then πp(g) = 0 for all primes
p = q, and qπq(g) = 0. Then, g′ = g − πq(g) ∈ K satisﬁes qg = qg′ . Therefore, K is pure in G; and
the same holds for the subgroup [K + T (G)]/T (G) of G/T (G). In particular, K ∼= [K + T (G)]/T (G) is
S(A)-divisible. However, this is only possible if K = 0 since G is S(A)-reduced. 
The next result lists some of the basic properties of A-reﬂexive groups:
Proposition 2.
(a) If G is A-reﬂexive, then every p-component of G is ﬁnite.
(b) A torsion group T is A-reﬂexive if and only if every p-component of T is ﬁnite and A-cogenerated.
Proof. (a) If G is A-reﬂexive, then Gp ∼= Hom(Hom(Gp, Ap), Ap) implies |Gp| < ∞ since otherwise
|Hom(Hom(Gp, Ap), Ap)| 2|Gp | .
(b) Since the “only if” part follows directly from (a), it remains to show the converse. Because T ∗ =
Hom(T , A) ∼= ∏p Hom(T p, Ap) ∼= ∏p T p , one obtains T ∗∗ ∼= Hom(∏p T p, A). Every homomorphism
f :∏p T p → A can be viewed as a homomorphism f = ( f p) :∏p T p →∏p T p(A), where f p : T p →
T p(A). If Im( f ) is not torsion, then we can ﬁnd t = (tp) ∈∏p T p such that f (t) has inﬁnite order.
In this case, f p(tp) = 0 for inﬁnitely many primes p. Let S = {p ∈ P | f p(tp) = 0}. For every subset U
of S , consider tU = (tUp ) ∈
∏
p T p such that t
U
p = tp if p ∈ U and tUp = 0 if p /∈ U . It is easy to see that
f (tU ) = f (tV ) whenever U = V are subsets of S . In particular, Im( f ) is uncountable, and Im( f )  A,
a contradiction. Hence, T ∗∗ ∼= Hom(∏p T p, T (A)) ∼=⊕p Hom(T p, Ap) ∼= T using [10]. 
The next results will reduce the question whether a given group G of ﬁnite torsion-free rank is
A-reﬂexive to the case that G is self-small.
Let G be a group. We say that a subgroup F ⊆ G is full if G/F is torsion. In view of Lemma 2, we
may assume that G is an S(A)-pure subgroup of
∏
p∈S(G) Gp . For a full free subgroup F of G , set
G0 =
{
g ∈ G ∣∣ πp(g) ∈ πp(F ) for all p ∈ P}.
Since G0 depends on the choice of F , we assume that F has been ﬁxed beforehand whenever we
consider G0.
Lemma 3. Suppose that G is an S-pure subgroup of
∏
p∈S(G) Gp where S(G) ⊆ S ⊆ P. If F is a full free
subgroup of G, then
(a) G0 is a subgroup of G such that G = G0 + T (G) and G0 ∼= G is S-divisible;
(b) G0 is self-small whenever G has ﬁnite torsion-free rank.
Proof. (a) Clearly, G0 is a subgroup of G . If g ∈ G has inﬁnite order, then there exists a non-zero
integer  such that g ∈ F . For every prime p, which is coprime with , we have πp(g) ∈ πp(F ).
Then, g0 = g − (∑p| πp(g)) ∈ G0; and G = G0 + T (G). The ﬁrst isomorphism theorem yields
G0/T (G0) = G0/
(
G0 ∩ T (G)
)∼= (G0 + T (G))/T (G) = G/T (G).
Hence, G0 is S-divisible.
(b) Suppose that F has ﬁnite rank. For every prime p, (G0)p = πp(F ) is ﬁnite. Then, G0 is self-small
by [1] since it is an S(G)-pure subgroup of
∏
p∈S(G)(G0)p satisfying the projection condition. 
Theorem 4. The following are equivalent for a group G and a full free subgroup F of G:
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(b) (i) Gp is ﬁnitely Ap-cogenerated for all p ∈ P.
(ii) G is S(A)-divisible.
(iii) G is S(A)-reduced.
(iv) G0 is an A-reﬂexive subgroup of G.
Proof. We have already shown that an A-reﬂexive group satisﬁes conditions (i), (ii) and (iii). Hence,
we consider a group G with these three properties, and show that G is A-reﬂexive if and only if G0
is A-reﬂexive.
In order to see that A is injective with respect to the sequence 0 → G0 → G → G/G0 → 0,
consider a homomorphism f : G0 → A. It induces maps f p : (G0)p → Ap such that f = ( f p) ∈
Hom(G0,
∏
p Ap). For every p, Ap is an injective object with respect to the embedding (G0)p ↪→ Gp
since Gp ⊆ Anp for some positive integer n, and Ap is cyclic. Hence, there exist maps f˜ p : Gp → Ap
such that f˜ p|(G0)p = f p for all p ∈ S(A). Let f˜ = ( f˜ p) :
∏
p Gp →
∏
p Ap . For g ∈ G , we can ﬁnd
t ∈ T (G) and g0 ∈ G0 such that g = g0 + t . Consequently, f˜ (g) = f˜ (g0) + f˜ (t) = f (g0) + f˜ (t) ∈
G0 + T (G) = G . Therefore, f˜ (G) ⊆ A.
Consequently, we obtain the following commutative diagram with exact rows:
0 −−−−→ G0 −−−−→ G −−−−→ G/G0 −−−−→ 0⏐⏐δG0 ⏐⏐δG ⏐⏐δG/G0
0 −−−−→ G∗∗0 −−−−→ G∗∗ −−−−→ (G/G0)∗∗.
By Lemma 3, G/G0 = (G0 + T (G))/G0 ∼= T (G)/T (G0), hence every p-component of the torsion group
G/G0 is ﬁnite and bounded by mp . Then, (G/G0)p is ﬁnitely Ap-cogenerated for all primes p. By
Proposition 2(b), the group G/G0 is A-reﬂexive. Moreover, G is A-cogenerated since G ⊆∏p Gp ⊆∏
p A
np
p ⊆
∏
p A
np . Therefore, all vertical arrows are monomorphisms. The theorem follows from a
direct application of 5-Lemma. 
We next give some basic properties of A-reﬂexive self-small groups which have ﬁnite torsion-free
rank.
We recall from [11, p. 190] that R(A) is the maximal subring of Q such that A is an R(A)-module.
If α : G → H is a homomorphism, we will denote by α∗ = Hom(α, A) : H∗ → G∗ .
Lemma 5. Let G be an A-reﬂexive self-small group of torsion-free rank n < ∞. Then,
(a) G∗ is self-small, and has torsion-free rank n,
(b) G is R(A)-locally-free,
(c) G is ﬁnitely A-cogenerated, and there exists a ﬁnite set of primes U such that G(U ) embeds in An (here
G(U ) is a direct complement of TU (G) =⊕p∈U Gp), and
(d) Gp ∼= Z(pkp )n for almost all p ∈ S(A).
Proof. (a) The group Hom(G, T (A)) = Hom(G,⊕p∈S(G) Ap) is torsion since G is S(A)-divisible and
S(G) ⊆ S(A). The exact sequence
0→ Hom(G, T (A))→ Hom(G, A) → Hom(G, A) ∼= Hom(G, A)
yields that G∗ has ﬁnite p-components and r0(G∗)  n. Moreover, since G∗∗ = Hom(G∗, A) ∼= G is
countable and ﬁts into the exact sequence
(
) 0→ Hom(G∗, T (A))→ Hom(G∗, A)→ Hom(G∗, A),
U. Albrecht, S. Breaz / Journal of Algebra 323 (2010) 509–516 513the group Hom(G∗, T (A)) has to be torsion. But then, it is easy to see that Hom(G∗, T (G)) is torsion
too. Consequently, G∗ is self-small and r0(G∗)  n. Applying what has just been shown to the self-
small A-reﬂexive group G∗ , we obtain that G ∼= G∗∗ is self-small and n = r0(G∗∗) r0(G∗) n.
(b) Arguing as in the proof of part (a) yields n = r0(G∗∗) r0(Hom(G∗, A)) = r0(Hom(G∗, A)) n.
Hence, r0(G∗∗) = r0(Hom(G∗, A)) = n. Since the last arrow in the exact sequence (
) is a pure em-
bedding by [5, Lemma 2.6], it is an epimorphism. Therefore, G ∼= G∗∗ ∼= Hom(G∗, A). Because of
[11, Lemma 6], G is R(A)-locally-free.
(c) As in the proof of [5, Lemma 4.3], we deduce that there exists a torsion subgroup K  G such
that G ′ = G/K embeds in An . Let ι : K → G be the inclusion map and π : G → G/K be the canonical
epimorphism. Then, we have an exact sequence 0 → (G/K )∗ π∗−−→ G∗ → Im(ι∗) → 0. Since we can
suppose that G/K is a full subgroup of An , it follows that the torsion-free rank of (G/K )∗ is at least n.
Then Im(ι∗) ⊆ K ∗ is a torsion group. Moreover δK ∗ is a monomorphism, since δ∗K δK ∗ = 1K ∗ . Then K ∗
is an A-cogenerated group, hence Im(ι∗) is isomorphic to a torsion subgroup of a direct product of
copies of A. But Im(ι∗) is an epimorphic image of G∗ , and this group is self-small of torsion-free
rank n such that S(G∗) ⊆ S(A) and G∗ is S(A)-divisible. It follows that S(Im(ι∗)) ⊆ S(G∗), and every
p-component of Im(ι∗) has to be ﬁnite. Then, Im(ι∗) is ﬁnite (otherwise, Hom(G∗, T (G∗)) is not a
torsion group). By Proposition 2, Im(ι∗) is A-reﬂexive.
We have commutative diagram with exact rows
0 −−−−→ K ι−−−−→ G π−−−−→ G/K −−−−→ 0
α
⏐⏐ δA⏐⏐ δG/K⏐⏐
0 −−−−→ Im(ι∗)∗ −−−−→ G∗∗ π∗∗−−−−→ (G/K )∗∗,
such that α = ζ ∗δK where ζ : Im(ι∗) → K ∗ is the inclusion map. Since α is an isomorphism by
5-Lemma, α∗ is an isomorphism too. But, α∗δIm(ι∗) = δ∗K ζ ∗∗δIm(ι∗) = δ∗K δK ∗ζ = ζ . Then, ζ is an iso-
morphism, and Im(ι∗) = K ∗ . Therefore, K ∗ is a ﬁnite group, and this is possible only if K is a ﬁnite
group. Then, the set U of those primes p such that Kp = 0 is ﬁnite. Since G/K ∼= TU (G)/K ⊕ G(U ),
the proof is complete.
(d) Without loss of generality, we may assume G ⊆ An . The group G has a unique direct decompo-
sition G = Gp ⊕G(p) since G is p-divisible for all p ∈ S(A). In particular, G(p) = G ∩ A(p)n . Therefore,
the canonical projection G → Gp coincides with the restriction of the projection πp : An → Anp to G .
Since a maximal independent system {g1, . . . , gn} of elements of G of inﬁnite order is also maximal
in An , we have Gp = 〈πp(g1), . . . ,πp(gn)〉 = pmp−kp Anp for almost all p. 
In the next theorem, the symbol A0 will indicate the subgroup of A which has been constructed
in the same way as G0 was constructed before Lemma 3 using 〈a〉 as the full free subgroup.
Theorem 6. A self-small group G of ﬁnite torsion-free rank is A-reﬂexive if and only if it is A0-reﬂexive.
Proof. Suppose that G is A-reﬂexive. In view of the fact that G is p-divisible for all p ∈ S(A),
G has unique direct decompositions G = Gp ⊕ G(p). Moreover, since G(p) is p-divisible, every ho-
momorphism f : G → A is determined by two homomorphisms f p : Gp → Ap and f p : G(p) → A(p).
Then, fπp = πp f p for every p ∈ S(A), where πp denotes both the canonical projection G → Gp ,
as well as A → Ap . As a consequence of (iv) in Lemma 5, order(πp( f (g))) = order( f (πp(g))) 
kp = order(πp(a)) for every g ∈ G . Since the p-components of A are cyclic, f (g) ∈ A0. Then,
G∗ = Hom(G, A) = Hom(G, A0) is self-small of torsion-free rank n by (i) in Lemma 5. Moreover, since
G∗ is A-reﬂexive, G∗∗ = Hom(G∗, A0) = Hom(Hom(G, A0), A0), and G is A0-reﬂexive.
Conversely, if G is A0-reﬂexive, then we can repeat the above arguments to obtain
Hom(Hom(G, A0), A0) = G∗∗ . 
Corollary 7. A ﬁnite torsion-free rank group G is A-reﬂexive if and only if
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(b) the canonical homomorphism G →∏p Gp is an S(G)-pure monomorphism, and
(c) G0 is A0-reﬂexive.
3. Self-small groups
We base our characterization of self-small A-reﬂexive groups of ﬁnite torsion-free rank on a new
localization technique. The proof of the following lemma is a consequence of [7, Lemma 2.7].
Lemma 8. Let G and H be groups containing A such that G/A and H/A are torsion. For every prime p,
consider subgroups A ⊆ G ′p ⊆ G and A ⊆ H ′p ⊆ H such that G ′p/A = (G/A)p and H ′p/A = (H/A)p . If, for
every prime p, there exists an isomorphism ϕp : G ′p → H ′p such that ϕp(a) = a for all a ∈ A, then there exists
an isomorphism ϕ : G → H such that ϕ|Gp = ϕp for all p ∈ P.
In the following Zp = { ab ∈ Q | (b, p) = 1}Q denotes the localization of Z at the prime p.
Proposition 9. Let A be any group. For every prime p, there exists a group A˜p such that A ⊆ A˜ p and
A˜p/T (A) ∼= Ap = Zp ⊗ A. Moreover,
(a) if A is self-small of ﬁnite torsion-free rank, then A˜p has the same property; and
(b) if A is q-divisible for all primes q with Aq = 0, then A˜p is unique up to isomorphism.
Proof. The existence of A˜ p follows from [6, Proposition 24.6].
(a) To show that A˜ p is self-small, observe that the group Hom( A˜ p/A, T (A)) in the exact sequence
0→ Hom( A˜p/A, T (A))→ Hom( A˜p, T (A))→ Hom(A, T (A))
is ﬁnite since A˜ p/A is q-divisible for all primes q = p, and that Hom(A, T (A)) is torsion because A is
self-small. Therefore, Hom( A˜ p, T (A)) has to be torsion. By [1], A˜ p is self-small.
(b) In order to prove the uniqueness of A˜ p , let G and H be groups such that A ⊆ G , A ⊆ H , and
G/T (A) ∼= H/T (A) ∼= Zp ⊗ A. As in the previous lemma, ﬁx a prime q, and consider the subgroups A ⊆
G ′q ⊆ G and A ⊆ H ′q ⊆ H such that G ′q/A = (G/A)q and H ′q/A = (H/A)q . If q = p, then G ′p = H ′p = A.
If q = p, then G ′q/T (A) = q−∞A ⊆ G/T (A) and H ′q/T (A) = q−∞A ⊆ H/T (A) yield that G ′q/Aq and
H ′q/Aq are q-divisible. It follows that the decompositions G ′q = Aq ⊕ G ′ and H ′q = Aq ⊕ H ′ are unique.
However, these induce two decompositions for A, namely A = Aq ⊕ (G ′ ∩ A) and A = Aq ⊕ (H ′ ∩ A).
Then, T (G ′ ∩ A) = T (H ′ ∩ A) = T (A(q)) and G ′ ∩ A = H ′ ∩ A = A(q) since A is q-divisible whenever
Aq = 0. If g′ ∈ G ′ , then qkg′ = a ∈ G ′ ∩ A for some non-negative integer k. Consequently, there exists
a unique h′ ∈ H ′ such that qkh′ = a. It is not hard to see that the map ψ : G ′ → H ′ , which is deﬁned
by ψ(g′) = h′ , is a well-deﬁned isomorphism which preserves all elements of A(q). Therefore, the
map ϕq : G ′q → H ′q deﬁned by ϕq = 1Aq ⊕ ψ is an isomorphism which preserves all elements of A. By
Lemma 8, A˜ p is unique up to isomorphism. 
Example 10. The uniqueness (up to isomorphism) of A˜ p may fail in the general case.
Proof. Consider an inﬁnite set of primes S; and let C be the pure subgroup of
∏
q∈S Z(q2)aq generated
by
⊕
q∈S Z(q2)aq and the additional element a = (aq)q∈S . Observe that b = (qaq)q∈S has inﬁnite order.
Let A = C + 〈b〉.
For a ﬁxed prime p, deﬁne G to be the P \ {p}-pure subgroup of ∏q∈S Z(q2)aq which is generated
by
⊕
q∈S Z(q2)aq , C and b. It is not hard to see that A ⊆ G and G/T (A) ∼= A ⊗ Zp . Moreover, A =
C ⊕ 〈b〉 ∼= C ⊕ Z and C/T (C) ∼= Q. We can view C as a subgroup of H = C ⊕ Zp such that H/T (C) ∼=
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only if it belongs to Z(p2)ap . Hence, G  H . 
Theorem 11. Let A be self-small. The following are equivalent for a self-small group G of ﬁnite torsion-free
rank n:
(a) G is A-reﬂexive;
(b) (i) OT (G) type(A),
(ii) G = B ⊕ H, where B is an A-cogenerated ﬁnite group, and there exists a ﬁnite set U such that H˜ p ∼=
A˜(U )
n
p for all primes p.
Proof. (a) ⇒ (b): By Lemma 5, G is ﬁnitely A-generated, hence (i) holds. To prove (ii), we use again
Lemma 5 together with [11, Lemma 5] to see that G ⊗ Zp ∼= (A ⊗ Zp)n for all primes p. The set U of
all primes q such that Gp  Z(pkp )n is ﬁnite by Lemma 5. Let H = G(U ). By Proposition 9, H˜ p and
A˜(U )p are self-small groups, and H˜ p ∼= A˜(U )
n
p because of [1, Corollary 13].
(b) ⇒ (a): It is enough to prove that H is A-reﬂexive. Since H ⊗ Zp ∼= (A ⊗ Zp)n for all p, one
obtains that H is p-divisible if and only if A is p-divisible. Moreover, H ⊆ H˜ p ∼= A˜(U )np , and A˜(U )
n
p
is S(A(U ))-reduced. Then, H is S(H)-reduced since S(H) = S(A(U )); and it follows that H embeds
in
∏
p Hp . Since each Hp is A-cogenerated, H is A-cogenerated too. Therefore, the evaluation map
δ : H → H∗∗ is monic. Moreover, H is ﬁnitely A0-cogenerated by [5, Corollary 3.3].
To see that δ is epic, we use a technique similar to the one used in the proof of [11, Theorem 2].
Since every p-component of H is ﬁnite and A-reﬂexive, δ(T (H)) = T (H∗∗).
We can apply [5, Proposition 3.5] to obtain that H∗∗ is self-small of torsion-free rank n. Hence, it
is enough to show that Im(δ) is pure in H∗∗ . Suppose that there exists a prime q such that Im(δ) is
not q-pure in H∗∗ . Since δ(T (H)) = T (H∗∗) and H is p-divisible for all p ∈ S(A), q /∈ S(A). Then, there
exists h ∈ H \ qH such that δ(h) ∈ qH∗∗ . Thus, f (h) ∈ pA for all f ∈ Hom(H, A). If we view H as a
subgroup of H˜q , then h /∈ qH˜q; and there exists a homomorphism α : H˜q → A˜q such that h /∈ q A˜q
(note that A˜ p = (⊕p∈U Ap) ⊕ A˜(U )p). This induces a homomorphism α : H˜q/T (H˜q) → A˜q/T ( A˜q).
Since H ⊗ Zp = H˜q/T (H˜q), A ⊗ Zp = A˜q/T ( A˜q) and OT (H) type(A), there exists an integer r such
that rα(H) ⊆ A. Since H and A are p-divisible for all p ∈ S(A), we may assume gcd(r, p) = 1 for all
p ∈ S(A).
Observe rα(H) ⊆ A. If r = qsr′ with gcd(q, r′) = 1, then hA˜qq (rα(x)) s for all x ∈ H . However, it is
not hard to see that h
A˜q
q (y) = hAq (y) for all y ∈ A. Hence, rα(H) ⊆ qs A. Since the q-component of A
is trivial, r′α(H) ⊆ A. Thus, the restriction of r′α to H can be viewed as a homomorphism β : H → A.
But β(h) /∈ qA, which contradicts the choice of h ﬁnishing the proof. 
Remark 12. Although condition (b)(i) is not needed to show that H is A-cogenerated in contrast
to the torsion-free case, this condition can nevertheless not be dropped: Let S is an inﬁnite set of
primes such that P \ S is inﬁnite, and deﬁne A to be the S-pure subgroup of ∏p∈S Z(p)xp which
is generated by
⊕
p∈S Z(p)xp and a = (xp). If G is the subgroup of
∏
p Z(p)xp , which is deﬁned
by
⊕
p∈S Z(p)xp ⊆ G and G = Ra, where R ⊆ Q is the rational group of type determined by the
characteristic (p) with p = ∞ for all p ∈ S and p = 1 for all p ∈ P \ S , then G satisﬁes (b)(ii) but
not (b)(i).
In [5] it was shown that if A is self-small and G is A-reﬂexive of ﬁnite torsion-free rank n, then
Gp has a direct summand isomorphic to Anp for almost all p. In the general case this property may
fail:
Example 13. Let A be the pure subgroup of
∏
p∈P Z(p3)xp which is generated by
⊕
p∈P Z(p3)xp and
a = (pxp). Then, A has p-rank 1 for all p ∈ P and A/T (A) ∼= Q. Moreover, if G is the pure sub-
516 U. Albrecht, S. Breaz / Journal of Algebra 323 (2010) 509–516group of
∏
p∈P(Z(p)yp ⊕Z(p3)zp), which is generated by
⊕
p∈P(Z(p)yp ⊕Z(p3)zp) and the element
c = (yp + pzp), then G0 is a mixed self-small group of torsion-free rank 1. As in [5, Example 4.5],
Hom(G0, A) ∼= G0 and G0 is A-reﬂexive. Then G is A-reﬂexive too.
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